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0. §
Introduction

First a polynomial algorithm is given which finds a
stable set with maximal weight in a weighted rigid circuit
graph G. The algorithm also proves that & is pluperfect.

Let ¥ bve a family of directed subpaths of an arbores-—
cence /directed tree/ F., Polynomial slgorithme are present-
ed for the following problem :-

l. Find gaystem of distinct representatives / SDR /

of ¥ . / 0(nlogn) steps /.
2. Capacities ou are agsigned to xu.m F, Pind a maximal
size T.C ¥ such that every Hu.m F is contained in
at mosgt ou_ paths of @n_n N

3. Weights s, are assigned to wumﬂ. Find a minimal
size point set S of F such that S contains at least
s; points from each m,um ¥F o,

By means of these algorithms minimax theorems are prov-
ed which are not implied directly by the unimoduler property
and the duality theorem of linear programming. The presented
algorithms have two important properties 1

1. Similarly to the Kruskal’s algorithm /and not like
the max-flow one/ these algorithme are not improving that is
once an element has been joined to the optimal syatem, it
will never be deleted during the later steps.

2. The results of the algorithms can directly be check-
ed since not only tke optimal structure but ite optimal dual
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pair is alsoc constructed. Just as the max flow algorithm
determines the min cut /of the same value/ as well.
The reader is referredite/3/for basic terminology
/ e.g. stable set, clique, arboreacence /.
1. §
Rigid circuit graphs

Let G be a simple undirected graph. It is an open
question whether there exists a polynomial algorithm for
finding & stable set of maximal cardinality in G. However
there are classes of graphs where the questicn is settled.
Such classes are the bipartite, comparsbility and rigid
circuit graphs and their complements as well, Theae graphs
are perfect that ie the cardinality of the maximal stable
set equals to the minimal number of covering cliques and
that is true for every induced subgraph.

An algorithm is satisfactory if it yields the maximal
stable set furthermore it demonstrates somehow that the
resultilig set is really a maximal one. In this case one
can check the validity of the algorithm on the bese of the
result. We can hope the existence of such an algorithm if
the greph is perfect since a perfect graph has a stable set
and a femily of covering cliques with the same cardinality.
If the algorithm finds the covering cliques, too, the stab-
le set is surely maximal.

It has been proved by L. Lovész /4/ that a perfect
graph is pluperfect, that is if we assign nonnegative in ~
teger weights to the points of the graph, the maximal
weight of a stable set equals to the minimal urBde of
cliques with the UHoUmu&w that each point is at least as
many times covered by cliques as its weight, and this holds
for any induced subgraphs. /The weight of a set is the sum
of the weights of its points ./
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First an aslgorithm will be given finding a stuble set
of maximal weight in e rigid circuit graph.

DEFINITION

An undirected grapn ¢ is called a rigid circuit graph
if any ecircuit C of G, |C| 4, has a chord.

DEFINITION

A vertex v of G is called rich / simplicial / if the
neighbours of v form a cliqge.

The algorithm requires the following known /2/ lemma
presented with a new very simple proof. o

LEMMA

In every rigid circuit graph G/V,E/ <there exists a
rich vertex.

FROOF

G may be supposed to be connected. We show the strong-
er statement ¢ if G has two nonadjecent vertices then there
exist two nonadjecent rich points. /If G is a clique then
of course every vertex is a rich one./ Let u and v be two
nonad jecent vertices in G, and K is a minimgl subset of
¥V which meets every path uv. We prove that K ias a clique.
The deletion of K discomnects the graph G, and oz and 04
denote the components contsining the vertices u and v re -
spectively. By Menger's theorem there exist _N_ disjoint paths
between u and v, therefore for any pair x, y from K there
exists & path monnecting x, y in on and another in 04 .
If we choose the shortest ones they together form a circuit
€. C has & chord, by definition, and in this situation this
chord 1s necesserily /x,3/ .

Now the subgraph mH induced by aﬂrhN is a rigid cir -
cuit graph. If G, is & clique then it contains a rich point

o Made together with P. Kas.
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[/ of Gy / in C, otherwise, by induction, there exist two
nonadjecent rich points of QH. one of these 1s in on .
This rich point of ow is rich in G,tco. We receive another
rich point in 04 by means of a similar argument. L OO

By the previocus lemma we can order the vertices Xy
oreeeXy of ¢ sc that x; is a rich point of the subgraph
QH induced by the mﬂdmm& Xy9Xy qoeeeX,. During the process
we go through the vertices of G in this order snd mark scme
of them witk red colour, and alter the weights of scme ver-
tices. More exactly, in the i-th atep we test whether or
not the current weight mm of x, 1s positive. If it is not
1 with red coliour
and reduce the weights of those points of mw by mw. which
are joined to x; and let mmno. If any weight became mne-
gative sc nlter it to 0.

Finally go back on the red vertices and mark a red
cne with blue if 1t is non adjecent tc any of the previous-
ly marked /blue/ vertices.

THEOREM 1.

A rigid circuit graph is pluyerfect. The blue set con-
-8tTucted above is @ stable set with maximal weight.

PRCOF

The original weight of the blue set is s. We have to
verify that there exist s cligues so that these cover every
vertex X, of @ 8y times. The vertex Kw and its neigh-
bours of mp form:a clique QH . We say that QH belongs
to Xy . The sought coverirg cligue system consists of the
cliques belonging to the red vertices, taking m“_.. times
every cligue C,;» where mw is the last positive current
weight of the point Xy This cliqe system covers every
point e at least 8 times because during the proceas

pogitive then i=i+1 ., Otherwise mark x

the current weight became O. The number of these cliques
ias s, since a blue point X5 with weight 8; is in exactly
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8y cliques assigning these ones to Nwlw¢ we receive every
cligue, /If the cligue C, bad not been assigned to a blue

point then the vertex x; iteelf would have been blue. /

EXAMPLE

m : VA* XW

Xy

D¢

(=2 e S VIS

]

The maximal stable set 3 .mmw.umv.. ite weight is 6.
The minimal clique cover nANH.Na.NmV ’ Aum.au.umv ’ ?m.xm.xmo .

(242251%g) 1 () (*6)

its cardinal is 6.
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We note that F. Gavril /1/ geve algorithms to find a
cligue with maximal weight and a stable set with maximal
cardinality in a rigid circuit grarh. The first one basged
on the aimple fact that every clique is contained in such
8 clique which belongs to & vertex. So we have tc test
only the weights of n cliques belonging to the n vertices
of G gnd choase the maximal cne among these.

2. §

Subtreea of tree

Fow let F be & tree and ¥ u?w.um..:u& a aystem
of subtrees of F. It is lmown ané easy statement that the
line graph Gz of F is a rigid circuit graph. /G, has k
points end two points y, and y; ere incident in G iff 2
and wu has a point in common. / Aseign to every m» 8 Non-
negative integer weight 8y and seek a subaystem of dis-
joint subtrees of ¥ with maximal weight. The above algo-
rithm is suitable for this aim, however it has drawbacks :
It is needed to produce the line graph and the ordering of
points deacribed above. The following algorithm solves the
problem direetly.

Lat: Xy be an arbitrary vertex of F and g€ mu the
the nearest point to x. /1t x,€ F; then g;=x_./ During
the process we colour some gy with red and medify the
weights. More exactly, let us consider the trees wu with
pogitive current weight, and chocse that one which is the
farthest from X« We colour the g; of this tree mw by red

and reduce by mw the weight of the trees containing &y -

If the weight of any tree is negative thus we alter it to O.
When every current weight is equal to O, we go through
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on the red points in reversed order and construct the op-
timal eubsystem ¥, as follows. F, belongs to Toif g 1s
not contained by any of those mu 's which have been uuwl
viously joined to uﬂ . The weight of qm is 8. The s points
covering every w» By times are the following : every red
point & taken mm. times where mm is the last positive

current weight of mu.

EXAMFPLE

HH coensistas of the

points indiced by i.

2 3 Z] 3 4 2 1 3
gy 2 3 0 0 1 2 (3 3
e, [2 2 0 0 0 2 0 3
g O 0 0 0 0 0 o [
gg © 0 o 0 0 0o 0 0

The disjoint trees um » mq ’ wu
their weight £ 3 ,1 ,3
_ The pum of the weights :7

The covering points: umu ' &y o 2%, » Bg

Thelr number 17
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3. §

Subpathe of arborescence

Ir. the following three prodlems F ia an arboreacence
whoae pointa are NH.NN....Mb and its voot is the vertex
Xy . Let ﬂ Awp.w__m....m v & system of directed subpathas
of P. The initial endpoint of F, 1s denoted by ,cn and the
distance ANH.HH_V by nﬁub The indices of points and of
subpaths are auch that nmub >d(x;) implies 1>J and
av) >e(by) implies 1331 \aﬁm condition is very im-
portant at the our wwmou.»auuw\

We mention the subsystem of trees in general is a nor-
mal hypergraph while in this special case is a unimodular
one, and there are no wbog algorithms far the following two

problems in the first case.

u._u. - e~independent patha
Assign a nommegative integer capacity c; to every
point x, of P, £ind a c-independent subsystem % of ¥ for
s&»oﬁ_ﬁ\_ is maximal .

DEFINITIOR ‘
An .ﬂn. ia called c-independent if any point x, 1s
in at Eom.wny_mm.dﬁw.gm from ﬁn
DEFINITION

& covering system consists of some vertices of F and
all the paths of ¥ not covered by these vertices. The
welght of a covering system is defined as the sum of capa-
cities of its points plum the number of its paths.

THEOREM 2 _

The maximal cardinsl of a c-independent m«mdml is equal
$0 the minimal weight of a covering system.

FROOF

We Vverify the nontrivial part of the theorem by means
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of the algorithm.
The construction of the meximal c-independent system

v

=k
.=

1s %, c#w Q
o..»bnmwmn@ob.ﬁ

g res

mm.\ u@wCT.%_

*’(u

We go through on the paths of ¥ in the reversed order
and choose all paths such that the choosen paths form a
c-independent systen.
The construction of the covering system - Ho :

¥
1
#

i= i+l

Y
H

1
Io Xy covered by ﬂo

exectly ¢, times?
yres
=X Cﬁub

END T = o/@mawm containing Huv

We go through on the points of F in the original order
and join one to No HH_ it is saturated by those paths of @N
which are disjoint to No.

By the construction we have to verify only that the
subget X o oovera every path from ¥ ﬁ Suppose indirectly
that wmﬁ/ﬂ is not covered by X,. Then there exist certain

uo“_b._._m of P, asturaved vy ¥ . hm.« z denote that vertex
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among these ones for which d(2 is maximal. The initial
endpoints of those paths owﬁh which mm»ﬁum&m. z are on the
path _”d».m by the comstruction of % . /Since F,€ T

would hold otherwise./ But then z should have been in X . ©
EXAMPLE
%u. = NH-HNn“U
HN = HN-NW.NA-
WW = NU-“W‘NQ
: Py = X3y
ﬂn H_mlv = KWQN#-Nm
Fg = X40%g
Fp = X5y
The free capacities in the steps 13
M.N H_m u.m u_w ww
ou.nm 2 2 2. 2 1
nm..um 2 2 2 2 1
ounu 3 3 2 1 [+
o#«m 2 1l 0 0 0
omﬂu 2 2 2 1l 1
omnw 2 1 0 0 e]
Oﬂﬂn 1l 1l 1 o] 0

The c¢-independent system 1@ uq.wm.wm.uu.uw
Ita cardinal : 5
The covering system 3 Xy .Mm.u.q.
Ite weight \ou...m /s 5

o I. Ruzea gave independently a construction of ¥. which

is mEuHﬂH to the firat part of oﬁ. one in the special case
when F 1k itself a path.
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3.2 s-covering points

Let I and % have the same meaning. Assign nonnegative
integer numbers e, Je m?b\ to every F, such that m%_wu_ .
Determine the minimal size S _\Sﬁou is called a minimal g~
covering system of pointa/ for which m:u.uw 8y if 1g ig k.
How memy points are in S © Let ﬁ be a subset owﬂ . If the
paths in % are disjoint the sum of their weights is &
lower bound for |8|. Otherwise in order to obtain a valid
lower bound the sbove sum must be reduced as follows.

DEFINITION

Let us define the weight of ¥ cC ¥ by

s(%) = )] m?& - M?,xlwv
Fe7, X
where the second summation runs over those pointe x of F
which are covered o />1/ times by patha from ﬁ. .
THEQREM 3
max mﬁﬁv = min |§|
where $C¥ is arbitrary and § is an s-covering.

PROOF .

An cbvious enumeration leads to max ME. To verify
the reversed inequality we have 1o prove that there exiasts
an s-covering subset 8§ and ﬁan ¥ such that the wowuoawbm
three oou&»wwoum hold.

1. |Pfis| = s, when P,&Y. .

2. xEFNF, .?».m.,_vnﬁ implies x€&S. _
3 Every point of S is in some paths from ﬁ .
ALGORITHN

The construction of the s-covering S.
¥We go through on the points in the reversed order and

join a vertex Xy into S only if it is required by all means

i.e. if not even 2 = mCTH..H.....Nuv is an e-covering /eince
there were a path w.nu.ﬁub covered less then m?. times
by Z.
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o

i
5
g—

¥

z = mc?“TH.:.x@

h
=

-
]
[ N
|
=
Y

AHm Z an mloode@

no: F'=F" (x;) is not
covered s (P times

' by Z.

Gres
1 F :

X € Fref?
Vg

% =TY{F ()}

To receive ﬁ we go through on the points in the ori-
ginal order and seek the following point Xy of S not covere
ed by paths of ﬁ . We take F!’ AHHV into @_.__. .

It is emsy to check the condition 1,2,3 the S and 7

1
rresented by the above algorithnm.

- 222 -

XAMFLE

S —fwr
X, Xy Xz X X5 Ky X ¥: X
To e
{ / ! ! ! . i !
N S NI
D o — —
| t i
! | 1 I |
v R \ 5
ﬂ“ \ . \ ' 1
! \ \ ! \
T N2 Fi N LR -
7

The given point is in § because of the path indicated by
vertical dotted line .

initial point: xq X, X Xg Mq
terminal point: X4 Xg Xg Xg Xg

s(F;) ¢+ 3 5 4 3 2

s u?m-xq.Nm.xa.xu.um.Hb _m_n 7
m.m\.umwu..m.u-m.mw .m@wu I B +Ig Aounmlu_....ounul“_.v =7
3.3 distinet representatives

Finally we present an algorithm to obtain a system of
distinct representatives /SDR/ of the above system ¥ . This
question is completely settled in the case of an arbitrary
hypergraph both theoretically and algorithmically. /Hall’s
theorem and alternating paths./ However the application of
this general solution in case of the above special hyper-
graph was unsatisfactory in certain cases arising from the
design of /electrical/ printed circuit boarda.

Here we give an o?wombv algorithm which significantly
differs from the solution of the general problem. In fact,
the general elgorithm does not have property 1. described
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in the introduction.

Hall's theorem states : An arbitrary hypergraphd/v,E/
has an SDR iff for any XCV the number of wwwmuwnmmm in X
is at most _N_. In our case the seemingly wesker condition
will also be sufficient.

THEOREM 4

The hypergraph F has an SDR iff for any subarborescen-
ce F’ of F the number of paths in F* is at most _N*.

PROCF

The necessity ie trivial. The following algorithm

yYields either the SDR or the subarborescence violating the
condition.

—E— T

Is there a previously not
represented path containing x
pres
A j=max (m; X, ER)
y
Let x5 be the
ERD representative of MJ

fo

-W

i

If at the end of this part of the algorithm is a
nonrepresented path mu of F then we assigned every point
of MM to such a path whose initial engdpoint is not nearer
tc the root Xy than b, is. /Here, as usual b, denote the
initial endvertex of ¥,./

Now we construct a subarborescence F’ violating the
condition. The root of F' will be wu. We consider all the
branches beginning at uH and delete from each branch the
firet vertex v with the property that either v does not

represent any path or it represents such a path whose
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initial endvertex is nearer to x, than by igs.The F* con-
gists of vertices which can be reached from dp. It is easy
to check that F’ contains the path F, and ell paths of ¥
represented by its vertices.

EXAMFLE
X) Xy X3 Xy Xg Xg Xy Xg Xg
O n] 0 o
o o u] o

X Xy

R T T -
o
a

B IR I RV LR

Xy

1]
&
v
a}
a)

w

o
V)

a

a}

The incidence matrix of ¥ .
The SDR given by the algorithm :
g Xg ¥7 Xg X5 Xy X3 Xy
Fo Fg Fg Fg Py By Fq By
The path wm is not represented. The arborescence F’
violating the condition :

Xy

{P!l =4 and P’ contains five
patha s um.wm.wm.qq.Mm
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